Introduction
The mechanical components of major equipment including many operating in aviation, power generating, automotive industry and other industries are usually subjected to variable cyclic loading and fatigue. Therefore, fatigue is one of the main failure forms of these components. Fatigue failure is a damage accumulation process in which material property deteriorates continuously under fatigue loading and the damage depends on the size of stress and strain [1] . With the accumulation of fatigue damage, some accidents occur for these components. Research shows that a reliable lifetime prediction method is particularly important in the design, safety assessments, and optimization of engineering components and structures [2] [3] [4] [5] . Thus, it is important to formulate an accurate method to evaluate the fatigue damage accumulation and effectively predict the fatigue life of these components.
Damage accumulation in materials is very important, but very challenging to characterize in a meaningful and reliable way. Until now, dozens of methods have been developed to predict the fatigue life. In general, fatigue damage accumulation theories can be classified into two categories: linear damage accumulation theories and non-linear damage accumulation theories. The linear damage rule (LDR), also called the Palmgreen-Miner rule (just Miner's rule for short) [6] , is commonly used to calculate the cumulative fatigue damage based on the following assumptions [7] :
1. the rate of damage accumulation remains constant over each loading cycle; 2. fatigue damage occurs and accumulates only when the loading stress is higher than its fatigue limit; 3. the cycles be extracted and arranged in ascending order of magnitude without any regard for its order of occurrence. According to these assumptions, fatigue life of components under variable amplitude loading can be estimated by:
where i n is the number of loading cycles at a given stress level However, Eq. (1) neglects the damage contribution of the loading stress which is lower than the fatigue limit. According to some experimental results such as: Lu and Zheng [8] [9] [10] , Sinclair [11] , and Makajima et al. [12] , it has shown that the damage of low amplitude loads is one of the main reasons for prediction errors. Moreover, the 507 influence of loading sequence effects on fatigue life is ignored in Miner's rule. That is to say, it is not sensitive to the loading sequence effects for the linear damage accumulation theory. Thus, Miner's rule often leads to a discrepancy of up an order of magnitude between the predicted and experimental life. According to the author's previous work [13] , a new linear damage accumulation rule is put forward to consider the strengthening and damaging of low amplitude loads with different sequences using fuzzy sets theory. Consequently, Miner's rule has been undergone many modifications in an attempt to successfully apply this simple rule. And many researchers have tried to modify the Miner's rule, but due to its intrinsic deficiencies, no matter which version is used, life prediction based on this rule is often unsatisfactory [14] . Accordingly, lots of non-linear damage accumulation methods have been proposed to consider the loading sequence effects, which can be depicted as shown in Fig. 2 . In Fig. 2 the x-axis is the ratio of loading cycle and the yaxis is the cumulative damage. In Fig. 2 , a is the cumulative damage under high-low and Fig. 2 , b is that under lowhigh loading respectively. Fig. 2 , c is the damage accumulation curve of Miner's rule. As is well known, a nonlinear damage accumulation equation proposed by Marco and Starkey [1] is:
where m i is a coefficient depends on the i-th level of load. It considers the effects of loading sequences. However, some research showed that only in some case for some materials, the fatigue lives predicted by Marco and Starkey's model shows a good agreement with the experimental results. In addition, it is difficult to determine the corresponding coefficient. Therefore, these equations have limited use in practical engineering application. Recently, another approach, based on damage mechanics of continuous media, has been proposed since Kachanov presented the concepts of "continuum factor" and "effective stress" firstly [15] . This theory deals with the mechanical behavior of a deteriorating medium at the continuum scale. Chaboche and Lemaitre [16] applied these principles to formulate a non-linear damage evolution equation:
where the variables in the function f may be the stress, total strain, plastic strain, damage variable, temperature and/or hardening variables etc. In order to describe non-linear damage accumulation and loading sequence effects, in addition, the variables and the loading parameters in the function are inseparable. This model can calculate the damage provoked by the cycles below the fatigue limit and considers the effects of mean stress. Many forms of fatigue damage equation have been derived based on Chaboche's work [17] [18] [19] . In this paper, according to the varying characteristic of fatigue ductility, a modified non-linear uniaxial fatigue damage accumulation model is proposed on the basis of the continuum damage mechanics theory. And it can be used to predict failure of specimens and describe the whole process of fatigue damage accumulation.
Non-linear fatigue damage accumulation theory
For the fatigue problem, it should consider the following aspects [20] :
1. existing microinitiation and micropropagation; 2. nonlinear cumulative effects under two-stress level loading or multi-block loading; 3. existing fatigue limit which decreases after prior damage;
4. effects of mean stress on the fatigue limit or the S-N curve.
Based on the above mentioned characteristics of fatigue damage, for the uniaxial fatigue loading problems, the fatigue damage is defined, as originally proposed by Chaboche, by the following differential equation:
where the function  depends on the loading parameters 
508 This model can be extended from damage mechanics using the effective stress concept. And it assumes that damage does not exist before the half-life of materials, and the damage can only be measured at the last part of life, which cannot comprehensively reflect the fatigue damage mechanism [21] . Thus, it is important to define an adaptive fatigue damage variable which can establish a fatigue damage accumulation model and can comprehensively reflect the fatigue damage behaviour.
Establishment of a new non-linear fatigue damage accmulation model
Fatigue damage is a process of the micro-cracks and the micro-hole continually initiating and propagating due to the irreversible evolution of material microscopic structure. This irreversible evolution process directly affects the macro-property of materials. If the characteristic of fatigue ductility is combined with the continuum damage mechanics theory, we can rewrite Eq. (3) as follows:
Integrating Eq. (8) 
where c and n are the material constants, which can be obtained from uniaxial cyclic loading tests. Therefore, Eqs. (8) and (9) can be rewritten as follows, respectively: . (13) For two-stress level loading, the specimen is firstly loaded at stress  1 for n 1 cycles and then at stress  2 for n 2 cycles up to failure. In order to make use of equivalence of damage for different loading conditions, it is possible to establish an equivalent number of cycles ' 2 n applied with stress amplitude  2 which would cause the same amount of damage as caused by n 1 cycles at  1 : . (15) Then fatigue cumulative damage under high-low loading sequence is as follows:
For the high-low loading conditions, the cumulative damage is less than unit. In the same way, it may be proven, for the low-high loading conditions, the cumulative damage is more than unit. For the same two-level stress loading 12   , then:
It is reduced to the Miner rule. Similarly, under multi-stress level loading condition and through sequential calculation, it is easy to get a fatigue damage cumulative formula using an auxiliary variable V:
The integration is pursued until V i = 1, which corresponds to the fatigue life.
The proposed formulation for characterizing the damage evolution of metals is consistent with the physical significance of fatigue damage:
1. The damage variable is satisfied with the boundary conditions [22] :
2. Fatigue damage is an irreversible process of material degradation and it increases monotonically with the applied cycles [23] :
3. The higher applied loading stress often leads to the larger fatigue damage:
Experimental verifications of the proposed model
The experimental data of the normalized 45 steel in [22] [24] . It is shown that in Figs. 5-7 the predicted results using the proposed model are satisfactory compared with the experimental results, which is better than Miner's rule. Though the proposed model has the same basic principles as that of Chaboche and Lemaitre, it is easily applied, and the damage variable is directly related with the ductility which can be measured using a simple experimental procedure. In addition, it is verified using experimental data of three kinds of materials, and good results are obtained. However, the proposed model suits only for the fatigue life prediction of ductile material, and further validation on different materials are required. Moreover, application of the proposed method to full scale components under complex loading conditions, such as multiaxial fatigue loading, also needs further study.
Conclusions
By using the Chaboche's continuum damage theory as the starting point, a uniaxial non-linear fatigue damage accumulation model is proposed, which takes the effects of loading interaction and loading sequences into account. In addition, according to the equivalence of damage, the recurrence formula under multi-stress level loading is also derived, and the comparison between experimental data available from literature with predicted results showed a good agreement, which stated clearly that the proposed model has a reasonable descriptive ability of fatigue damage accumulation.
